1. Introduction {#se0010}
===============

In this paper, the graph is simple, connected, and undirected. Let *G* be a connected graph of order *n* with the vertex set $V(G)$ and the edge set $E(G)$. The notation $u \sim v$ means that the vertex *u* is adjacent to vertex *v* or simply $uv \in E(G)$. The distance from two vertices *u* and *v* is denoted by $d(u,v)$. The subset $S \subseteq V(G)$ is called a dominating set of *G* if for every vertex *x* in $V(G) \smallsetminus S$, there exists at least one vertex $u \in S$ such that $x \sim u$. The minimum cardinality among dominating sets of *G* is called a dominating number of *G* and denoted by $\gamma(G)$ [@br0010]. An ordered set $W = \{ w_{1},w_{2},w_{3},...,w_{k}\} \subseteq V(G)$ is called a resolving set of *G* if every pair of vertices $u,v \in V(G)$ have distinct representation with respect to *W*, that is, $r(u|W) \neq r(v|W)$, where $r(u|W) = (d(u,w_{1}),d(u,w_{2}),d(u,w_{3}),...,d(u,w_{k}))$. The minimum cardinality among resolving sets of *G* is called metric dimension of *G* and denoted by $dim(G)$. The characterisations of metric dimension of graphs were studied by Chartrand, et al. [@br0020]. Various research on the concept of metric dimension of graphs have been carried out by Sebo and Tannier [@br0030], Okamoto, et al. [@br0040], Ramirez, et al. [@br0050], for strong metric dimension, local metric dimension, and simultaneous metric dimension, respectively. Meanwhile, Susilowati, et al. [@br0060] constructed the opposite concept of metric dimension namely complement metric dimension. Metric dimension of some operations of graphs have been obtained, namely, metric dimension of comb product graphs [@br0070], joint product graphs [@br0080], and corona product graphs [@br0090]. Several operation properties in graphs related to metric dimensions are also studied by [@br0100], [@br0110], and [@br0120].

Brigham, et al. [@br0130] combined the concept of metric dimension and dominating set by term resolving domination number, denoted by $\gamma_{r}(G)$ and got some result that $max\{ dim(G),\gamma(G)\} \leq \gamma_{r}(G) \leq dim(G) + \gamma(G)$. Later, Henning and Oellarmann [@br0140] defined the same concept with different terminology, namely, metric locating dominating number of graph *G*, denoted by $\gamma_{M}(G)$ and got some results on the lower and upper bounds, that is, $\gamma(G) \leq \gamma_{M}(G) \leq n - 1$. Then, Gonzalez, et al. [@br0150] examined the same concept with different lower and upper bounds, that is, $max\{ dim(G),\gamma(G)\} \leq \gamma_{M}(G) \leq dim(G) + \gamma(G)$. We investigated that the lower bound on metric locating dominating number of Henning and Oellarmann is not sharp, while the upper bounds on metric locating dominating number given by Brigham, et al. and Gonzalez, et al. are not sharp.

In this paper, we modified the definition of metric locating dominating number and used terminology of dominant metric dimension. Furthermore, we apply this concept for some particular classes of graphs as well as the graphs resulting from comb and joint products.

First, we recall some results on the dominating number and metric dimension of some known graphs. More details and the proofs can be seen in [@br0020] and [@br0160].1.For path $P_{n}$ and cycle $C_{n}$, $\gamma(P_{n}) = \gamma(C_{n}) = \left\lceil \frac{n}{3} \right\rceil$, $dim(P_{n}) = 1$ and $dim(C_{n}) = 2$.2.For complete graph $K_{n}$, $\gamma(K_{n}) = 1$ and $dim(K_{n}) = n - 1$.3.For star $S_{n}$, $\gamma(S_{n}) = 1$ and $dim(S_{n}) = n - 2$, for all $n \geq 2$.4.For complete bipartite graph $K_{m,n}$, $\gamma(K_{m,n}) = 2$ and $dim(K_{m,n}) = m + n - 2$, for every $m,n \geq 2$.5.For connected graph *G*, $dim(G) = 1$ if only if $G = P_{n}$.

The next results shall be used for proving the main results of this paper.

Lemma 1[@br0170] *Let G be a connected graph and* $S \subseteq V(G)$*. If S contains a resolving set of G, then S is a resolving set of G.*

2. Main result {#se0020}
==============

We start this section with the definition of the dominant metric dimension as follows. Let *G* be a connected graph. An ordered set $W \subseteq V(G)$ is called a **dominant resolving set** of *G* if *W* is a resolving set and a dominating set of *G*. The dominant resolving set with minimum cardinality is called a *dominant basis* of *G*, while the cardinality of dominant basis is called a *dominant metric dimension* of *G* and denoted by $Ddim(G)$. The property of the dominant resolving set is needed to facilitate the proof of the main result. Lemma 2*Let G be a connected graph. If there is no dominant resolving set of G with cardinality k, then any set* $W \subseteq V(G)$ *with* $|W| < k$*, is not a dominant resolving set.* ProofLet *G* be a connected graph. Suppose that there is no dominant resolving set of *G* with cardinality *k* and there exists a dominant resolving set $T \subseteq V(G)$ with $|T| < k$ so that for every $u,v \in V(G)$ we have $r(u|T) \neq r(v|T)$ and *T* is a dominating set of *G*. Moreover, there exists a subset $U \subseteq V(G) \smallsetminus T$ such that $|T \cup U| = k$. Since *T* is a resolving set and a dominating set of *G*, one can easily see that $T \cup U$ is a resolving set and a dominating set of *G*. So that, $T \cup U$ is a dominant resolving set of *G* which is a contradiction. Thus the result follows and the proof is completed. □

Based on the results from [@br0130], [@br0140], and [@br0150], the lower and upper bounds are not sharp. So that, the following lemma gives sharp lower and upper bounds for the dominant metric dimension. Lemma 3*Let G be a connected graph of order n. Then* $max\{\gamma(G),dim(G)\}$ $\leq Ddim(G) \leq min\{\gamma(G) + dim(G),n - 1\}$*.* ProofLet *G* be a connected graph of order *n*. Since the dominant metric dimension of a graph *G* is greater than its dominating number and its metric dimension, then $Ddim(G) \geq max\{\gamma(G),dim(G)\}$. Furthermore, since the resolving set and the dominating set of a graph are possible to not intersect, and since a subset of $V(G)$ which consists of $n - 1$ vertices in graph *G* always becomes resolving set and dominating set of graph *G*, then $Ddim(G)$ $\leq min\{\gamma(G) + dim(G),n - 1\}$. □

We have shown that the lower and upper bounds of the dominant metric dimension are sharp. Now, we determine the dominant metric dimension of cycle, path, complete, and complete bipartite graph. The next lemma shows the property of resolving set of a cycle graph.

Lemma 4*Let G be a connected graph. If* $W \subseteq V(G)$*, then for every* $v_{i},v_{j} \in W$ *with* $i \neq j$*,* $r(v_{i}|W) \neq r(v_{j}|W)$*.*

ProofLet *G* be a connected graph and $W = \{ v_{1},v_{2},v_{3},...,v_{k}\} \subseteq V(G)$. Since for every $v_{i},v_{j} \in W$ with $i \neq j$ causes $d(v_{i},v_{i}) = 0$ and $d(v_{i},v_{j}) \neq 0$, then there exists 0 on *i*-th element of $r(v_{i}|W)$ for every $v_{i} \in W$. Consequently $r(v_{i}|W) \neq r(v_{j}|W)$ for $i \neq j$. □

Lemma 5*If* $C_{n}$ *is a cycle of order* $n \geq 4$ *and* $n \neq 6$*, with edge set* $E(C_{n}) = \{ v_{i}v_{i + 1}|i = 1,2,3,...,n - 1\} \cup \{ v_{n}v_{1}\}$*, then* $W = \{ v_{1},v_{4}\}$ *is the resolving set of* $C_{n}$*.*

ProofLet $C_{n}$ be a cycle graph of order $n \geq 4$ and $n \neq 6$, with vertex set $V(C_{n}) = \{ v_{i}|i = 1,2,3,...,n\}$ and edge set $E(C_{n}) = \{ v_{i}v_{i + 1}|i = 1,2,3,...,n - 1\} \cup \{ v_{n}v_{1}\}$. Assume that $n \geq 4$ and $n \neq 6$. Put $W = \{ v_{1},v_{4}\}$. If *n* is odd, then for $v_{i} \in V(C_{n})$, then we have$$d(v_{i},v_{1}) = \begin{cases}
{i - 1,} & {i = 1,2,3,...,\left\lceil \frac{n}{2} \right\rceil} \\
{\left\lfloor \frac{n}{2} \right\rfloor,} & {i = \left\lceil \frac{n}{2} \right\rceil + 1} \\
{n + 1 - i,} & {i = \left\lceil \frac{n}{2} \right\rceil + 2,\left\lceil \frac{n}{2} \right\rceil + 3,\left\lceil \frac{n}{2} \right\rceil + 4,...,n} \\
\end{cases}$$$$d(v_{i},v_{4}) = \begin{cases}
{|4 - i|,} & {i = 1,2,3,...,\left\lceil \frac{n}{2} \right\rceil + 3} \\
{\left\lfloor \frac{n}{2} \right\rfloor,} & {i = \left\lceil \frac{n}{2} \right\rceil + 4} \\
{n + 4 - i,} & {i = \left\lceil \frac{n}{2} \right\rceil + 5,\left\lceil \frac{n}{2} \right\rceil + 6,\left\lceil \frac{n}{2} \right\rceil + 7,...,n} \\
\end{cases}$$ Similarly, for even *n*, we have$$d(v_{i},v_{1}) = \begin{cases}
{i - 1,} & {i = 1,2,3,...,\frac{n}{2} + 1} \\
{n + 1 - i,} & {i = \frac{n}{2} + 2,\frac{n}{2} + 3,\frac{n}{2} + 4,...,n} \\
\end{cases}$$$$d(v_{i},v_{4}) = \begin{cases}
{|4 - 1|,} & {i = 1,2,3...,\frac{n}{2} + 4} \\
{n + 4 - i,} & {i = \frac{n}{2} + 5,\frac{n}{2} + 6,\frac{n}{2} + 7,...,n} \\
\end{cases}$$ Furthermore, for every $v_{i},v_{j} \in V(C_{n})$, $r(v_{i}|W) \neq r(v_{j}|W)$, $i \neq j$. Thus, *W* is the resolving set of $C_{n}$. □

We now ready to prove the dominant metric dimension of a cycle $C_{n}$ for $n \geq 7$ as presented in the following theorem. Theorem 1*If* $C_{n}$ *is a cycle of order* $n \geq 7$*, then* $Ddim(C_{n}) = \gamma(C_{n})$*.* ProofLet $C_{n}$ be a cycle of order $n \geq 7$ with vertex set $V(C_{n}) = \{ v_{i}|i = 1,2,3,...,n\}$ and edge set $E(C_{n}) = \{ v_{i}v_{i + 1}|i = 1,2,3,...,n - 1\} \cup \{ v_{n}v_{1}\}$. We can see that if $n \neq 3k$, $k \in N$, then choose $W = \{ v_{1},v_{4},v_{7}$, $v_{10},...,v_{3i - 2},v_{n - 1}\}$, so that $|W| = \left\lceil \frac{n}{3} \right\rceil$. If $n = 3k$, $k \in N$, then put $W = \{ v_{1},v_{4},v_{7},v_{10},...,v_{3i - 2}\}$ and again $|W| = \left\lceil \frac{n}{3} \right\rceil$. Since $\{ v_{1},v_{4}\} \subseteq W$ and by [Lemma 5](#en0080){ref-type="statement"}, we get that *W* is a resolving set of $C_{n}$. Moreover, we can show that *W* is a dominating set of $C_{n}$. Since $E(C_{n}) = \{ v_{i}v_{i + 1}|i = 1,2,3,...,n - 1\} \cup \{ v_{n}v_{1}\}$, we get that $v_{3i - 1} \sim v_{3i - 2}$ and $v_{3i} \sim v_{3(i + 1) - 2}$. Therefore *W* is a dominating set of $C_{n}$. Consequently, *W* is a dominant resolving set of $C_{n}$. Since $\gamma(C_{n}) = \left\lceil \frac{n}{3} \right\rceil$, we can conclude that *W* is a dominant resolving set of $C_{n}$ with minimum cardinality and $Ddim(C_{n}) = \gamma(C_{n})$, for $n \geq 7$. This completes the proof. □

In the next theorem, we show the dominant metric dimension of a star $S_{n}$ for $n \geq 2$.

Theorem 2*If G is a star of order* $n \geq 2$*, then* $Ddim(G) = n - 1$*.* ProofLet *G* be a star graph $S_{n}$ with vertex set $V(G) = \{ v_{i}|i = 0,1,2,...,n - 1\}$, and edge set $E(G) = \{ v_{0}v_{i}|i = 1,2,3,...,n - 1\}$. Choose $W = \{ v_{0}\} \cup \{ v_{j}|j = 1,2,3,...,n - 2\}$, so that $|W| = n - 1$. We can see that$$r(v_{i}|W) = \begin{cases}
{(0,1,1,1,\ldots,1,1,1,1),} & {i = 0} \\
{(1,2,2,2,\ldots,\underset{i + 1}{\underset{︸}{0}},\ldots,2,2,2),} & {i \geq 1} \\
\end{cases}$$Therefore, *W* is a resolving set of *G* and every vertex of $V(G) \smallsetminus W$ is adjacent to vertex $v_{0}$ in *W*. Thus *W* is a dominant resolving set of $S_{n}$. Now, we are going to prove that *W* is a minimum dominant resolving set. Take any set $S \subseteq V(G)$ with $|S| < |W|$. Let $|S| = n - 2$, then there are two cases to be considered, namely,1.*S* does not contain vertex $v_{0}$. Without loss of generality, let $S = \{ v_{i}|i = 1,2,3,...,n - 2\}$. There is vertex $v_{n - 1} \nsim v_{i}$, for every $v_{i} \in S$. Thus, *S* is not a dominating set of $S_{n}$.2.*S* contain vertex $v_{0}$. Without loss of generality, let $S = \{ v_{0}\} \cup \{ v_{j}|j = 1,2,3,...,n - 3\}$. There are vertices $v_{n - 1},v_{n - 2} \in S_{n}$ such that $r(v_{n - 2}|S) = r(v_{n - 1}|S) = (1,2,2,2,2,...,2)$ which implies that *S* is not a resolving set of $S_{n}$. Based on the above two cases, *S* is not a dominant resolving set of $S_{n}$. Moreover, by [Lemma 2](#en0020){ref-type="statement"}, any set *T* with $|T| < |S|$ is not a dominant resolving set of $S_{n}$. It can be concluded that *W* is a minimum dominant resolving set of $S_{n}$, and so $Ddim(S_{n}) = n - 1$. □

Since $\gamma(S_{n}) = 1$ and $dim = (S_{n}) = n - 2$, so [Theorem 2](#en0120){ref-type="statement"} shows that there is a graph *G* whose $Ddim(G) > max\{\gamma(G),dim(G)\}$. Theorem 3*If* $K_{m,n}$ *is a complete bipartite graph with* $m,n \geq 2$*, then* $Ddim(K_{m,n}) = dim(K_{m,n})$*.* ProofLet $K_{m,n}$ be a complete bipartite graph with vertex set $V(K_{m,n}) = \{ u_{i}|i = 1,2,3,...,m\} \cup \{ v_{j}|j = 1,2,3,...,n\}$, and edge set $E(K_{m,n}) = \{ u_{i}v_{j}|i = 1,2,3,...,m;j = 1,2,3,...,n\}$. Select $W = \{ u_{i}|i = 1,2,3,...,m - 1\} \cup \{ v_{j}|j = 1,2,3,...,n - 1\}$, so that $|W| = (m + n - 2)$. For $u_{m},v_{n} \in V(K_{m,n})$, $r(u_{m}|W) = (\underset{(m - 1)}{\underset{︸}{2,2,2,...,2}},\underset{(n - 1)}{\underset{︸}{1,1,1,...,1}})$ and $r(v_{n}|W) = (\underset{(m - 1)}{\underset{︸}{1,1,1,...,1}},\underset{(n - 1)}{\underset{︸}{2,2,2,...,2}})$. Consequently, *W* is a resolving set of $K_{m,n}$. On the other hand, since $E(K_{m,n}) = \{ u_{i}v_{j}|i = 1,2,3,...,m;j = 1,2,3,...,n\}$, every $v \in V(K_{m,n}) \smallsetminus W$ is adjacent to a vertex $x \in W$ so that *W* is dominating set of $K_{m,n}$. As a result, *W* is a dominant resolving set of $K_{m,n}$. Furthermore, since $dim(K_{m,n}) = m + n - 2$, we can see that *W* is a dominant resolving set with minimal cardinality, and it can be concluded that $Ddim(K_{m,n}) = dim(K_{m,n})$. □

Since $\gamma(K_{m,n}) = 2$, $dim(K_{m,n}) = (m + n - 2)$ and $Ddim(K_{m,n}) = dim(K_{m,n})$ as in [Theorem 3](#en0140){ref-type="statement"}. So, these are the examples to show that the lower bound in [Lemma 3](#en0040){ref-type="statement"} is sharp.

Lemma 6*If* $P_{n}$ *is a path of order* $n > 4$ *with edge set* $E(P_{n}) = \{ v_{i}v_{i + 1}|i = 1,2,3,...,n - 1\}$*, then* $W = \{ v_{2},v_{5}\}$ *is a resolving set of* $P_{n}$*.*

ProofLet $P_{n}$ be a path of order $n > 4$ with edge set $E(P_{n}) = \{ v_{i}v_{i + 1}|i = 1,2,3,...,n - 1\}$ and edge set $E(P_{n}) = \{ v_{i}v_{i + 1}|i = 1,2,3,...,n - 1\}$. Let $W = \{ v_{2},v_{5}\}$. Then for $v_{i} \in V(P_{n})$,$$d(v_{i},v_{2}) = \begin{cases}
{1,} & {i = 1} \\
{i - 2,} & {i > 1} \\
\end{cases}$$$$d(v_{i},v_{5}) = \begin{cases}
{5 - i,} & {i \leq 4} \\
{i - 5,} & {i > 4} \\
\end{cases}$$ Furthermore, for every $v_{i},v_{j} \in V(P_{n}),r(v_{i}|W) \neq r(v_{j}|W),i \neq j$. Therefore, *W* is resolving set of $P_{n}$. □

In the next theorem, we show the dominant metric dimension of path $P_{n}$ for $n > 4$

Theorem 4*If* $P_{n}$ *is a path graph of order* $n > 4$*, then* $Ddim(P_{n}) = \gamma(P_{n})$

ProofLet $P_{n}$ be a path graph of order $n > 4$ with vertex set $V(P_{n}) = \{ v_{i}|i = 1,2,3,...,n\}$, and edge set $E(P_{n}) = \{ v_{i}v_{i + 1}|i = 1,2,3,...,n - 1\}$. There are two cases for *n*:1.For $n = 3k$, $k \in N$, select $W = \{ v_{2},v_{5},v_{8},v_{11},...,v_{3i - 1}\}$ so that $|W| = \left\lceil \frac{n}{3} \right\rceil$.2.For $n \neq 3k$, $k \in N$, select $W = \{ v_{2},v_{5},v_{8},v_{11},...,v_{3i - 1},v_{n}\}$ so that $|W| = \left\lceil \frac{n}{3} \right\rceil$. Since $\{ v_{2},v_{5}\} \subseteq W$ and by [Lemma 6](#en0160){ref-type="statement"} and [Lemma 1](#en0010){ref-type="statement"}, we get that *W* is a resolving set of $P_{n}$. We show that set *W* is a dominating set of $P_{n}$. Since $E(P_{n}) = \{ v_{i}v_{i + 1}|i = 1,2,3,...,n - 1\}$ we get that $v_{3i - 1} \sim v_{3i - 2}$ and $v_{3i} \sim v_{3(i + 1) - 2}$. Therefore *W* is a dominating set of $P_{n}$ and *W* is a dominant resolving set of $P_{n}$. Since $\gamma(P_{n}) = \left\lceil \frac{n}{3} \right\rceil$, we conclude that *W* is a minimal dominant resolving set of $P_{n}$ and $Ddim(P_{n}) = \gamma(P_{n})$, $n > 4$ as required. □

In the next theorem, we show the dominant metric dimension of complete graph.

Theorem 5*If* $K_{n}$ *for* $n \geq 2$ *is a complete graph, then* $Ddim(K_{n}) = dim(K_{n})$*.* ProofLet $K_{n}$ be a complete graph with vertex set $V(K_{n}) = \{ v_{i}|i = 1,2,3,...,n\}$ and edge set $E(K_{n}) = \{ v_{i}v_{j}|i,j = 1,2,3,...,n;i \neq j\}$. Put $W = \{ v_{i}|i = 1,2,3,...,n - 1\}$, so that $|W| = n - 1$. Then, $r(v_{n}|W) = (\underset{︸}{1,1,1,\ldots,1,1,1)\ldots(n - 1)}$. Therefore, *W* is a resolving set of $K_{n}$ and every vertex of $V(K_{n}) \smallsetminus W$ is adjacent to vertex $v_{i}$ in *W*. We can say that *W* is a dominant resolving set of $K_{n}$. Since $dim(K_{n}) = n - 1$, it concludes that *W* is a dominant resolving set of $K_{n}$ with minimum cardinality and $Ddim(K_{n}) = dim(K_{n})$. □

[Theorem 5](#en0200){ref-type="statement"} shows that the given upper bound in [Lemma 3](#en0040){ref-type="statement"} is sharp, because $\gamma(K_{n}) = 1$, so that $\gamma(K_{n}) + dim(K_{n}) = n > n - 1$. In the following theorem, we characterise all graphs *G* with $Ddim(G) = 1$. Theorem 6$Ddim(G) = 1$ *if only if* $G \cong P_{n}$*,* $n = 1,2$*.* ProofLet *G* be a connected graph with $Ddim(G) = 1$ and $\{ v\} \subseteq V(G)$ is a dominant basis of *G*. Then, for every $x,y \in V(G) \smallsetminus \{ v\}$, *x* and *y* are adjacent to *v*, and $r(x|\{ v\}) \neq r(x|\{ v\})$. Suppose that $G \ncong P_{n},n = 1,2$, there are two cases: $G \cong P_{n}$, $n \geq 3$ or *G* is not a path graph.1.if $G \cong P_{n}$ with $n \geq 3$ then let $V(P_{n}) =$ $\{ v_{i}|i = 1,2,3,...,n\}$ and $E(P_{n}) = \{ v_{i}v_{i + 1}|i = 1,2,3,...,n - 1\}$. Since the basis of $P_{n}$ just a singleton set of end vertex, that is $\{ v_{1}\}$ or $\{ v_{n}\}$. Cause $n \geq 3$ then $v_{3} \nsim v_{1}$ or $v_{n - 2} \nsim v_{n}$, so $\{ v_{1}\}$ or $\{ v_{n}\}$ is not a dominating set of $P_{n}$. Let $\{ v_{s}\}$, *s*∈{1,n} be a dominating set of $P_{n}$, then $r(v_{s - 1}|\{ v_{s}\}) = r(v_{s + 1}|\{ v_{s}\})$. As a result, there is no singleton set as a dominant basis of $P_{n}$, contrary to the fact that $Ddim(G) = 1$.2.If *G* is not a path graph, then there are two possibilities, a) *G* is a cycle graph or b) there exists at least one vertex *u* in *G* such that $deg(u) \geq 3$.(a)If *G* is a cycle graph, based on [Theorem 1](#en0100){ref-type="statement"}, $Ddim(C_{n}) = \gamma(C_{n}) = \left\lceil \frac{n}{3} \right\rceil$ then there is no singleton set as dominant basis for $C_{n}$.(b)If there exists at least one vertex *u* in *G* such that $deg(u) \geq 3$, let {*v*} be a dominant basis of *G*i.if $u = v$, then vertices *x* and *y* such that $x \sim u$ and $y \sim u$, $r(x|\{ v\}) = r(y|\{ v\})$. So {*v*} is not a basis of *G*.ii.if $u \sim v$, then vertices *x* and *y* such that $x \sim u$ and $y \sim u$, $r(x|\{ v\}) = r(y|\{ v\})$. So {*v*} is not a basis of *G*.iii.if $u \nsim v$ then {*v*} is not a dominating set of *G*. Consequently, there is no singleton set as a dominant basis of *G*, contrary to the fact that $Ddim(G) = 1$. Based on the explanation above, it can be concluded that if $Ddim(G) = 1$ then $G \cong P_{n}$, $n = 1,2$.Conversely, it is easy to see that if $G \cong P_{n}$, $n = 1,2$ then $Ddim(G) = 1$. Therefore, $Ddim(G) = 1$ if and only if $G \cong P_{n}$, $n = 1,2$. □

In the next results, we determine the dominant metric dimension of some operation product graph, namely, joint and comb products graphs.

Joint product of two graphs *G* and *H*, denoted by $G + H$, is a graph with vertex set $V(G + H) = V(G) \cup V(H)$ and edge set $E(G + H) = E(G) \cup E(H) \cup \{ uv|u \in V(G)$ and $v \in V(H)\}$. From this definition, we get some properties of the join product of graphs below.

Observation 1*The followings hold.*1.$Diam(G + H) = 2$*.*2.$\forall u \in V(G)$ *and* $\forall v \in V(H)$*,* $\{ u,v\}$ *is dominating set of* $G + H$*.*3.$u \sim v$*,* $\forall u \in V(G)$ *and* $\forall v \in V(H)$*.*

Theorem 7*If* $K_{p,q}$ *and* $K_{r,s}$ *are complete bipartite graphs, then* $Ddim(K_{p,q} + K_{r,s}) = dim(K_{p,q}) + dim(K_{r,s})$*.* ProofLet $K_{p,q}$ and $K_{r,s}$ be the complete bipartite graphs with $V(K_{p,q}) = \{ u_{i}|i = 1,2,3,...,p\} \cup \{ v_{j}|j = 1,2,3,...,q\}$ and $V(K_{r,s}) = \{ x_{k}|k = 1,2,3,...,r\} \cup \{ y_{l}|l = 1,2,3,...,s\}$. By the definition of joint product graph, we get $V(K_{p,q} + K_{r,s}) = \{ w_{1i}|i = 1,2,3,...,p\} \cup \{ w_{1j}|j = 1,2,3,...,q\} \cup \{ w_{2i}|i = 1,2,3,...,r\} \cup \{ w_{2j}|j = 1,2,3,...,s\}$ and $E(K_{p,q} + K_{r,s}) = \{ w_{1i}w_{1j}|i = 1,2,3,...,p;j = 1,2,3,...,q\} \cup \{ w_{2k}w_{2l}|k = 1,2,3,...,r;l = 1,2,3,...,s\} \cup \{ w_{1m}w_{2n}|w_{1m} \in V(K_{p,q}),w_{2n} \in V(K_{r,s})$. Select $W = \{ w_{1i}|i = 1,2,3...,p - 1\} \cup \{ w_{1j}|j = 1,2,3,...,q - 1\} \cup \{ w_{2k}|k = 1,2,3,...,r - 1\} \cup \{ w_{2l}|l = 1,2,3,...,s - 1\}$ so that $|W| = (p + q - 2) + (r + s - 2)$. Based on [Lemma 4](#en0060){ref-type="statement"}, we have $r(u|W) \neq r(v|W)$ for every $u,v \in W$ with $u \neq v$. Moreover, we get $V(K_{p,q} + K_{p,q}) \smallsetminus W = \{ w_{1p},w_{1q},w_{2r},w_{2s}\}$. Then, for every $w_{ij} \in V(K_{p,q} + K_{r,s}) \smallsetminus W$ representation of $w_{ij}$ with respect to *W* is described below.$$r(w_{ij}|W)\quad = \begin{cases}
{(\underset{p - 1}{\underset{︸}{2,2,2,\ldots,2}},\underset{q - 1}{\underset{︸}{1,1,1,\ldots,1}},\underset{r - 1}{\underset{︸}{1,1,1,\ldots,1}},\underset{s - 1}{\underset{︸}{1,1,1,\ldots,1}}),} & {i = 1,j = p} \\
{(\underset{p - 1}{\underset{︸}{1,1,1,\ldots,1}},\underset{q - 1}{\underset{︸}{2,2,2,\ldots,2}},\underset{r - 1}{\underset{︸}{1,1,1,\ldots,1}},\underset{s - 1}{\underset{︸}{1,1,1,\ldots,1}}),} & {i = 1,j = q} \\
{(\underset{p - 1}{\underset{︸}{1,1,1,\ldots,1}},\underset{q - 1}{\underset{︸}{1,1,1,\ldots,1}},\underset{r - 1}{\underset{︸}{2,2,2,\ldots,2}},\underset{s - 1}{\underset{︸}{1,1,1,\ldots,1}}),} & {i = 1,j = r} \\
{(\underset{p - 1}{\underset{︸}{1,1,1,\ldots,1}},\underset{q - 1}{\underset{︸}{1,1,1,\ldots,1}},\underset{r - 1}{\underset{︸}{1,1,1,\ldots,1}},\underset{s - 1}{\underset{︸}{2,2,2,\ldots,2}}),} & {i = 1,j = s} \\
\end{cases}$$ Therefore, $r(w_{ij}|W) \neq r(w_{kl}|W)$ for $w_{ij} \neq w_{kl}$. Consequently, *W* is a resolving set of $K_{p,q} + K_{r,s}$. On the other hand, since $w_{1i}w_{2j} \in E(K_{p,q} + K_{r,s})$ for every $w_{1i} \in V(K_{p,q})$ and $w_{2j} \in V(K_{r,s})$ we get that $w_{1p}$ and $w_{1q}$ are adjacent to vertices in $\{ w_{2i}|i = 1,2,3,...,r - 1\} \cup \{ w_{2j}|j = 1,2,3,...,s - 1\}$ and $w_{2r}$ and $w_{2s}$ are adjacent to vertices in $\{ w_{1i}|i = 1,2,3,...,p - 1\} \cup \{ w_{1j}|j = 1,2,3,...,q - 1\}$. Thus, *W* is a dominating set of $K_{p,q} + K_{r,s}$. As a result, *W* is a dominant resolving set of $K_{p,q} + K_{r,s}$.Furthermore, it will be shown that W is a dominant resolving set with minimal cardinality. Take any $S \subseteq V(K_{p,q} + K_{r,s})$ with $|S| < |W|$. Let $|S| = |W| - 1$. There are four cases to consider, namely,1.Let $S = \{ w_{1i}|i = 1,2,3,...,p - 2\} \cup \{ w_{1j}|i = 1,2,3,...,q - 1\} \cup \{ w_{2i}|i = 1,2,3,...,r - 1\} \cup \{ w_{2j}|i = 1,2,3,...,s - 1\}$, there exist two vertices with the same representation $r(w_{1(p - 1)}|S) = r(w_{1p}|S) = \underset{(p - 2)}{\underset{︸}{(2,2,2,\ldots,2}}\underset{(q - 1)}{\underset{︸}{1,1,1,\ldots,1}}$, $\underset{(r - 1)}{\underset{︸}{1,1,1,\ldots,1}}$, $\underset{(s - 1)}{\underset{︸}{1,1,1,\ldots,1)}}$. So, *S* is not a resolving set of $K_{p,q} + K_{r,s}$.2.Let $S = \{ w_{1i}|i = 1,2,3,...,p - 1\} \cup \{ w_{1j}|i = 1,2,3,...,q - 2\} \cup \{ w_{2i}|i = 1,2,3,...,r - 1\} \cup \{ w_{2j}|i = 1,2,3,...,s - 1\}$, there exist two vertices with the same representation $r(w_{1(q - 1)}|S) = r(w_{1q}|S) = \underset{(p - 1)}{\underset{︸}{(1,1,1,\ldots,1}},\underset{(q - 2)}{\underset{︸}{2,2,2,\ldots,2}}$, $\underset{(r - 1)}{\underset{︸}{1,1,1,\ldots,1}}$, $\underset{(s - 1)}{\underset{︸}{1,1,1,\ldots,1)}}$. So, *S* is not a resolving set of $K_{p,q} + K_{r,s}$.3.Let $S = \{ w_{1i}|i = 1,2,3,...,p - 1\} \cup \{ w_{1j}|i = 1,2,3,...,q - 1\} \cup \{ w_{2i}|i = 1,2,3,...,r - 2\} \cup \{ w_{2j}|i = 1,2,3,...,s - 1\}$, there exist two vertices with the same representation $r(w_{1(r - 1)}|S) = r(w_{1r}|S) = \underset{p - 1}{\underset{︸}{(1,1,1,\ldots,1}}\underset{q - 1}{\underset{︸}{1,1,1,\ldots,1,}}$ $\underset{r - 2}{\underset{︸}{2,2,2,\ldots,2,}}$ $\underset{s - 1}{\underset{︸}{1,1,1,\ldots,1)}}$. So, *S* is not a resolving set of $K_{p,q} + K_{r,s}$.4.Let $S = \{ w_{1i}|i = 1,2,3,...,p - 1\} \cup \{ w_{1j}|i = 1,2,3,...,q - 1\} \cup \{ w_{2i}|i = 1,2,3,...,r - 1\} \cup \{ w_{2j}|i = 1,2,3,...,s - 2\}$, there exist two vertices with the same representation $r(w_{1(s - 1)}|S) = r(w_{1s}|S) = \underset{p - 1}{\underset{︸}{(1,1,1,\ldots,1}}\underset{q - 1}{\underset{︸}{1,1,1,\ldots,1,}}$ $\underset{r - 1}{\underset{︸}{1,1,1,\ldots,1,}}$ $\underset{s - 2}{\underset{︸}{2,2,2,\ldots,2)}}$. So, *S* is not a resolving set of $K_{p,q} + K_{r,s}$.Based on four conditions above, *S* is not a dominant resolving set of $K_{p,q} + K_{r,s}$, based on [Lemma 2](#en0020){ref-type="statement"}, set *T* with $|T| < |S|$ is not a dominant resolving set of $K_{p,q} + K_{r,s}$ and $Ddim(K_{p,q} + K_{r,s}) = (p + q - 2) + (r + s - 2) = dim(K_{p,q}) + dim(K_{r,s})$. □

Theorem 8*If* $K_{n}$ *and* $K_{m}$ *are complete graphs of order n and m respectively, then* $Ddim(K_{n} + K_{m}) = dim(K_{n}) + m$*.* We omit the proof, as $K_{n} + K_{m}$ is also a complete graph, it follows from [Theorem 5](#en0200){ref-type="statement"}.

A comb product of two graphs *G* and *H*, denoted by $G \triangleright H$, is a graph obtained by taking one copy of *G* and $|V(G)|$ copies of *H* and grafting the *i*-th copy of *H* at the vertex *o* to the *i*-th vertex of *G*. Let $V(G) = \{ u_{i}|i = 1,2,3,...,m\}$ and $V(H) = \{ v_{j}|j = 1,2,3,...,n\}$ where $o = v_{1}$ is grafting vertex of *H*, then $v(G \triangleright H) = \{(u_{i},v_{j})|i = 1,2,3,...,m;j = 1,2,3,...,n\}$. Vertex $u_{i} \in V(G)$ in $G \triangleright H$ denoted by $v_{i1}$, while $v_{j} \in V(H)$ with $j \neq 1$ in $G \triangleright H$ denoted by $v_{ij}$. Let $H_{i}$ be the *i*-th copy of *H*, then $V(H_{i}) = \{ v_{ij}|j = 1,2,3,...,n\}$ with $i = 1,2,3,...,m$. Furthermore, for simplification of writing, vertex labelling of $(u_{i},v_{j})$ can be replaced by $v_{ij}$, so that $V(G \triangleright H) = \{(v_{ij})|i = 1,2,3,...,m;j = 1,2,3,...,n\}$, $v_{ij}v_{lk} \in E(G \triangleright H)$ if and only if $i = 1$ and $v_{j}v_{k} \in E(H)$ or $u_{i}u_{l} \in E(G)$ and $j = k$ [@br0070].

The following theorem shows the dominant metric dimension of comb product of graph *G* and $K_{p,q}$. Theorem 9*Let G be a connected graph of order greater than one. If* $p \geq 3$ *and* $q \geq 3$*, then* $Ddim(G \triangleright K_{p,q}) = |V(G)|(Ddim(K_{p,q}) - 1)$ ProofLet *G* be a connected graph of order greater than one with $V(G) = \{ u_{i}|i = 1,2,3,...,m\}$ and $K_{p,q}$ is a complete bipartite graph with $V(K_{p,q}) = \{ a_{i}|i = 1,2,3,...,p\} \cup \{ b_{j}|j = 1,2,3,...,q\}$ and $E(K_{p,q}) = \{ a_{i}b_{j}|i = 1,2,3,...,p;j = 1,2,3,...,q\}$ for $p \geq 3$ and $q \geq 3$. Let ${(K_{p,q})}_{i}$ be the *i*-th copy of $K_{p,q}$. Without loss of generality of proof, let $a_{1}$ be a grafting vertex of $K_{p,q}$, $B = \{ a_{i}|i = 2,3,4...,p\} \cup \{ b_{j}|j = 1,2,3,...,q - 1\}$ is a dominant basis of $K_{p,q}$ as described on [Theorem 3](#en0140){ref-type="statement"}, and $B_{i}$ is a dominant basis of ${(K_{p,q})}_{i}$ so that for every $i = 1,2,3,\ldots,m$, we have $|B_{i}| = |B|$. Select $W = \bigcup\limits_{i = 1}^{m}\{ B_{i} \smallsetminus \{ a_{ip}\}\}$ so that $|W| = m((p + q - 2) - 1)$. Based on [Lemma 4](#en0060){ref-type="statement"}, we have $r(u|W) \neq r(v|W)$ for every $u,v \in W$ with $u \neq v$. Moreover, we get $V(G \triangleright K_{p,q}) \smallsetminus W = \{ a_{i1},a_{ip},b_{iq}|i = 1,2,3,\ldots,m\}$. Take any two vertices in $V(G \triangleright K_{p,q}) \smallsetminus W$. There exists nine possibilities. Each of these possibilities will be shown that every vertices representation with respect to *W* is different.1.For $a_{i1},a_{j1} \in V(G \triangleright K_{p,q}) \smallsetminus W$ with $i \neq j$. Since $d(a_{i1},a_{i1}) \neq d(a_{i1},a_{j1})$, then for every $v \in B_{i} \smallsetminus \{ a_{ip}\}$, we have $d(v,a_{i1}) \neq d(v,a_{j1})$ so that $r(a_{i1}|B_{i} \smallsetminus \{ a_{ip}\}) \neq r(a_{j1}|B_{i} \smallsetminus \{ a_{ip}\})$. Moreover, since $B_{i} \smallsetminus \{ a_{ip}\} \subseteq W$, then we have $r(a_{i1}|W) \neq r(a_{j1}|W)$.2.For $a_{i1},a_{ip} \in V(G \triangleright K_{p,q}) \smallsetminus W$. There are two cases, $r(a_{i1}|B_{i} \smallsetminus \{ a_{ip}\}) \neq r(a_{ip}|B_{i} \smallsetminus \{ a_{ip}\})$ or $r(a_{i1}|B_{i} \smallsetminus \{ a_{ip}\}) = r(a_{ip}|B_{i} \smallsetminus \{ a_{ip}\})$. For $r(a_{i1}|B_{i} \smallsetminus \{ a_{ip}\}) \neq r(a_{ip}|B_{i} \smallsetminus \{ a_{ip}\})$, since $B_{i} \smallsetminus \{ a_{ip}\} \subseteq W$, then we have $r(a_{i1}|W) \neq r(a_{ip}|W)$. For $r(a_{i1}|B_{i} \smallsetminus \{ a_{ip}\}) = r(a_{ip}|B_{i} \smallsetminus \{ a_{ip}\})$, since for $i \neq j$ we have $d(a_{i1},a_{j1}) \neq d(a_{ip},a_{j1})$, then for every $v \in B_{j} \smallsetminus \{ a_{jp}\}$, we have $d(v,a_{i1}) \neq d(v,a_{ip})$ so that $r(a_{i1}|B_{j} \smallsetminus \{ a_{jp}\}) \neq r(a_{ip}|B_{j} \smallsetminus \{ a_{jp}\})$. Moreover, since $B_{j} \smallsetminus \{ a_{jp}\} \subseteq W$, then we have $r(a_{i1}|W) \neq r(a_{ip}|W)$.3.For $a_{i1},a_{jp} \in V(G \triangleright K_{p,q}) \smallsetminus W$ with $i \neq j$. Since for $i \neq j$ we have $d(a_{i1},a_{i1}) \neq d(a_{jp},a_{i1})$, then for every $v \in B_{i} \smallsetminus \{ a_{ip}\}$, we have $d(v,a_{i1}) \neq d(v,a_{jp})$ so that $r(a_{i1}|B_{i} \smallsetminus \{ a_{ip}\}) \neq r(a_{jp}|B_{i} \smallsetminus \{ a_{ip}\})$. Moreover, since $B_{i} \smallsetminus \{ a_{ip}\} \subseteq W$, then we have $r(a_{i1}|W) \neq r(a_{jp}|W)$.4.For $a_{i1},b_{iq} \in V(G \triangleright K_{p,q}) \smallsetminus W$. Since $d(a_{i1},a_{j1}) \neq d(b_{iq},a_{j1})$, then for every $v \in B_{j} \smallsetminus \{ a_{jp}\}$, we have $d(v,a_{i1}) \neq d(v,b_{jq})$ so that $r(a_{i1}|B_{j} \smallsetminus \{ a_{jp}\}) \neq r(b_{iq}|B_{j} \smallsetminus \{ a_{jp}\})$. Moreover, since $B_{j} \smallsetminus \{ a_{jp}\} \subseteq W$, then we have $r(a_{i1}|W) \neq r(b_{iq}|W)$.5.For $a_{i1},b_{jq} \in V(G \triangleright K_{p,q}) \smallsetminus W$ with $i \neq j$. Since $d(a_{i1},a_{i1}) \neq d(b_{jq},a_{i1})$, then for every $v \in B_{i} \smallsetminus \{ a_{ip}\}$, we have $d(v,a_{i1}) \neq d(v,b_{jq})$ so that $r(a_{i1}|B_{i} \smallsetminus \{ a_{ip}\}) \neq r(b_{jq}|B_{i} \smallsetminus \{ a_{ip}\})$. Moreover, since $B_{i} \smallsetminus \{ a_{ip}\} \subseteq W$, then we have $r(a_{i1}|W) \neq r(b_{jq}|W)$.6.For $a_{ip},a_{jp} \in V(G \triangleright K_{p,q}) \smallsetminus W$ with $i \neq j$. Since $d(a_{ip},a_{ip}) \neq d(a_{ip},a_{jp})$, then for every $v \in B_{i} \smallsetminus \{ a_{ip}\}$, we have $d(v,a_{ip}) \neq d(v,a_{jp})$ so that $r(a_{ip}|B_{i} \smallsetminus \{ a_{ip}\}) \neq r(a_{jp}|B_{i} \smallsetminus \{ a_{ip}\})$. Moreover, since $B_{i} \smallsetminus \{ a_{ip}\} \subseteq W$, then we have $r(a_{ip}|W) \neq r(a_{jp}|W)$.7.For $a_{ip},b_{iq} \in V(G \triangleright K_{p,q}) \smallsetminus W$. Since $d(a_{ip},b_{i1}) \neq d(b_{iq},b_{i1})$ dan $b_{i1} \in B_{i} \smallsetminus \{ a_{ip}\}$, then for every $v \in B_{i} \smallsetminus \{ a_{ip}\}$, we have $d(v,a_{ip}) \neq d(v,b_{iq})$ so that $r(a_{ip}|B_{i} \smallsetminus \{ a_{ip}\}) \neq r(b_{iq}|B_{i} \smallsetminus \{ a_{ip}\})$. Moreover, since $B_{i} \smallsetminus \{ a_{ip}\} \subseteq W$, then we have $r(a_{ip}|W) \neq r(a_{jp}|W)$.8.For $a_{ip},b_{jq} \in V(G \triangleright K_{p,q}) \smallsetminus W$ with $i \neq j$. Since $d(a_{ip},a_{j1}) \neq d(b_{iq},a_{j1})$, then for every $v \in B_{j} \smallsetminus \{ a_{jp}\}$, we have $d(v,a_{ip}) \neq d(v,b_{jq})$ so that $r(a_{ip}|B_{j} \smallsetminus \{ a_{jp}\}) \neq r(b_{jq}|B_{j} \smallsetminus \{ a_{jp}\})$. Moreover, since $B_{j} \smallsetminus \{ a_{jp}\} \subseteq W$, then we have $r(a_{ip}|W) \neq r(b_{jq}|W)$.9.For $b_{iq},b_{jq} \in V(G \triangleright K_{p,q}) \smallsetminus W$ with $i \neq j$. Since $d(b_{iq},a_{ip}) \neq d(b_{jq},a_{ip})$, then for every $v \in B_{i} \smallsetminus \{ a_{ip}\}$, we have $d(v,b_{iq}) \neq d(v,b_{jq})$ so that $r(b_{iq}|B_{i} \smallsetminus \{ a_{ip}\}) \neq r(b_{jq}|B_{i} \smallsetminus \{ a_{ip}\})$. Moreover, since $B_{i} \smallsetminus \{ a_{ip}\} \subseteq W$, then we have $r(b_{iq}|W) \neq r(b_{jq}|W)$. Therefore, $W = \bigcup\limits_{i = 1}^{m}\{ B_{i} \smallsetminus \{ a_{ip}\}\}$ is a resolving set. Moreover, since every vertex $a_{i1},a_{ip} \in V{(K_{p,q})}_{i},i = 1,2,3,\ldots,m$ is adjacent to $b_{i1} \in W$, $i = 1,2,3,\ldots,m$ and every vertex $b_{iq} \in V{(K_{p,q})}_{i},i = 1,2,3,\ldots,m$ is adjacent to $a_{i2} \in W,i = 1,2,3,\ldots,m$, then *W* is a dominating set. Therefore, $W = \bigcup\limits_{i = 1}^{m}\{ B_{i} \smallsetminus \{ a_{ip}\}\}$ is a dominant resolving set of $G \triangleright K_{p,q}$. Moreover, take any $S \subseteq V(G \triangleright K_{p,q})$ with $|S| < |W|$. Let $|S| = |W| - 1$. Then there exists *i* such that *S* contains $|B_{i}| - 2$ elements of ${(K_{p,q})}_{i}$. Consequently there exists two vertices in ${(K_{p,q})}_{i}$ that have same representation with respect to *S*, so that *S* is not a resolving set of $G \triangleright K_{p,q}$. Therefore, *S* is not a dominating set of $G \triangleright K_{p,q}$. Based on [Lemma 2](#en0020){ref-type="statement"}, any set *T* with $|T| < |S|$ is not a dominant resolving set of $G \triangleright K_{p,q}$. Therefore, $W = \bigcup\limits_{i = 1}^{m}\{ B_{i} \smallsetminus \{ a_{ip}\}\}$ is a dominant basis of $G \triangleright K_{p,q}$. Moreover, since $B_{i}$ is a dominant basis of ${(K_{p,q})}_{i}$ with $|B_{i}| = Ddim(K_{p,q})$, then $Ddim(G \triangleright K_{p,q}) = |W| = |V(G)|(Ddim(K_{p,q}) - 1)$ for $p \geq 3$ and $q \geq 3$. □

Theorem 10*Let G be a connected graph of order greater than one. If* $n \geq 3$*, then* $Ddim(G \triangleright K_{n}) = |V(G)|(Ddim(K_{n}) - 1)$ ProofLet *G* be a connected graph of order greater than one with $V(G) = \{ u_{i}|i = 1,2,3,...,m\}$ and $K_{n}$ is a complete bipartite graph with $V(K_{n}) = \{ v_{i}|i = 1,2,3,...,n\}$ and $E(K_{n}) = \{ v_{i}v_{j}|i,j = 1,2,3,...,p;i \neq j\}$. Let ${(K_{n})}_{i}$ be the *i*-th copy of $K_{n}$. Without loss of generality, let $v_{1}$ be a grafting vertex of $K_{n}$, $B = \{ v_{i}|i = 2,3,4...,n\}$ is a dominant basis of $K_{n}$ as described in [Theorem 5](#en0200){ref-type="statement"}, and $B_{i}$ is a dominant basis of ${(K_{n})}_{i}$ so that for every $i = 1,2,3,\ldots,m$, we have $|B_{i}| = |B|$. Select $W = \bigcup\limits_{i = 1}^{m}\{ B_{i} \smallsetminus \{ v_{in}\}\}$ so that $|W| = m((n - 1) - 1)$. Based on [Lemma 4](#en0060){ref-type="statement"}, we have $r(u|W) \neq r(v|W)$ for every $u,v \in W$ with $u \neq v$. Moreover, we get $V(G \triangleright K_{n}) \smallsetminus W = \{ v_{i1},v_{in}|i = 1,2,3,\ldots,m\}$. Take any two vertices in $V(G \triangleright K_{n}) \smallsetminus W$. There exists nine possibilities. Each of these possibilities will be shown that every vertices representation with respect to W is different.1.For $v_{i1},v_{j1} \in V(G \triangleright K_{n}) \smallsetminus W$ with $i \neq j$. Since $d(v_{i1},v_{i1}) \neq d(v_{i1},v_{j1})$, then for every $v \in B_{i} \smallsetminus \{ v_{in}\}$, we have $d(v,v_{i1}) \neq d(v,v_{j1})$ so that $r(v_{i1}|B_{i} \smallsetminus \{ v_{in}\}) \neq r(v_{j1}|B_{i} \smallsetminus \{ v_{in}\})$. Moreover, since $B_{i} \smallsetminus \{ v_{in}\} \subseteq W$, then we have $r(v_{i1}|W) \neq r(v_{j1}|W)$.2.For $v_{in},v_{jn} \in V(G \triangleright K_{n}) \smallsetminus W$ with $i \neq j$. Since $d(v_{in},v_{in}) \neq d(v_{in},v_{jn})$, then for every $v \in B_{i} \smallsetminus \{ v_{in}\}$, we have $d(v,v_{in}) \neq d(v,v_{jn})$ so that $r(v_{in}|B_{i} \smallsetminus \{ v_{in}\}) \neq r(v_{jn}|B_{i} \smallsetminus \{ v_{in}\})$. Moreover, since $B_{i} \smallsetminus \{ v_{in}\} \subseteq W$, then we have $r(v_{in}|W) \neq r(v_{jn}|W)$.3.For $v_{i1},v_{in} \in V(G \triangleright K_{n}) \smallsetminus W$. Since for $i \neq j$ we have $d(v_{i1},v_{i1}) \neq d(v_{in},v_{i1})$, then for every $v \in B_{i} \smallsetminus \{ v_{in}\}$, we have $d(v,v_{i1}) \neq d(v,v_{in})$ so that $r(v_{i1}|B_{i} \smallsetminus \{ v_{in}\}) \neq r(v_{in}|B_{i} \smallsetminus \{ v_{in}\})$. Moreover, since $B_{i} \smallsetminus \{ v_{in}\} \subseteq W$, then we have $r(v_{i1}|W) \neq r(v_{in}|W)$.4.For $v_{i1},v_{jn} \in V(G \triangleright K_{n})s \smallsetminus W$ with $i \neq j$. Since for $i \neq j$ we have $d(v_{i1},v_{i1}) \neq d(v_{jn},v_{i1})$, then for every $v \in B_{i} \smallsetminus \{ v_{in}\}$, we have $d(v,v_{i1}) \neq d(v,v_{jn})$ so that $r(v_{i1}|B_{i} \smallsetminus \{ v_{in}\}) \neq r(v_{jn}|B_{i} \smallsetminus \{ v_{in}\})$. Moreover, since $B_{i} \smallsetminus \{ v_{in}\} \subseteq W$, then we have $r(v_{i1}|W) \neq r(v_{jn}|W)$. Therefore, $W = \bigcup\limits_{i = 1}^{m}\{ B_{i} \smallsetminus s\{ v_{in}\}\}$ is a resolving set. Moreover, since every vertex $v_{i1},v_{in} \in V{(K_{n})}_{i},i = 1,2,3,\ldots,m$ is adjacent to $v_{i2} \in W$, $i = 1,2,3,\ldots,m$, then *W* is a dominating set. Therefore, $W = \bigcup\limits_{i = 1}^{m}\{ B_{i} \smallsetminus \{ v_{in}\}\}$ is a dominant resolving set of $G \triangleright K_{n}$. Moreover, take any $S \subseteq V(G \triangleright K_{n})$ with $|S| < |W|$. Let $|S| = |W| - 1$. Then there exists *i* such that *S* contains $|B_{i}| - 2$ elements of ${(K_{n})}_{i}$. Consequently there exists two vertices in ${(K_{n})}_{i}$ that have same representation with respect to *S*, so that *S* is not a resolving set of $G \triangleright K_{n}$. Therefore, *S* is not a dominating set of $G \triangleright K_{n}$. Based on [Lemma 2](#en0020){ref-type="statement"}, any set *T* with $|T| < |S|$ is not a dominant resolving set of $G \triangleright K_{n}$. Therefore, $W = \bigcup\limits_{i = 1}^{m}\{ B_{i} \smallsetminus \{ v_{in}\}\}$ is a dominant basis of $G \triangleright K_{n}$. Moreover, since $B_{i}$ is a dominant basis of ${(K_{n})}_{i}$ with $|B_{i}| = Ddim(K_{n})$, then $Ddim(G \triangleright Kn) = |W| = |V(G)|(Ddim(K_{n}) - 1)$ for $n \geq 3$. □
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